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Stability of Multidimensional Linear Time-Varying Systems

Shashi K. Shrivastava* and S. Pradeept
Indian Institute of Science, Bangalore, India

This paper focuses attention on the stability of multidimensional linear second-order systems with time-
varying coefficients. Five theorems on stability and two theorems on instability of such systems and ten cor-
ollaries are derived based on Liapunov’s second method. Unlike many stability theorems which involve deter-
mination of the characteristic equations and their roots, or transformation to a system of first-order equations
(thereby often losing sight of the physical parameters of the system), conditions are imposed herein directly on
the physical parameters of the system. The theorems derived generalize many existing theorems on the stability

‘of linear constant-coefficient systems.

Introduction

T is well-known that the equations describing most
dynamical systems are not amenable to closed-form solu-
tion. This motivated the qualitative study of differential equa-
tions in which the behavior of the solutions is investigated
without finding them explicitly. The particular case of linear
constant-coefficient systems has been studied extensively and

a large amount of literature is now available on such systems. .

Considerable effort has also been spent on nonlinear systems
with constant coefficients.

Hill and Mathieu’s work toward the end of the nineteenth
century gave rise to a class of problems in which the
parameters were varying periodically with time. Floquet for-
mulated a theorem to find stability of linear differential equa-
tions with periodic coefficients.

There are a number of systems in which the parameters vary
with time arbitrarily. Examples can be found in all disciplines
of engineering, physics, economics, ecology, biosystems,
demography, etc. One class of problems that motivated this
study deals with space stations of the future for which the
system parameters (inertia, damping, and stiffness) governing
the dynamics undergo continuous change due to fabrication,
construction, and deployment of large structures onboard.
For the single-degree-of-freedom system with time-varying
coefficients, the Sonin-Polya theorem' is applicable to study
the nature of system response. This was generalized recently to
multidimensional systems by Shrivastava.? The generalized
theorem, which encompasses many existing theorems and puts
stability conditions directly in terms of the system parameters
and their variations, is simple to apply for systems with sym-
metric stiffness matrices. For systems with general stiffness
matrices, determination of a matrix S which symmetrizes a
parameter matrix is a major problem in the application of the
theorem. Presently, determination of S is possible only by trial
and error.

In this paper, in dealing with a set of linear, second-order
ordinary differential equations with time-varying coefficients
1) some theorems and corollaries are derived which are simpler
to apply than those in Ref. 2, and 2) some additional theorems
are derived which eliminate determination of the S matrix, and
conditions are directly imposed on the system parameters and
their variations for stability/instability of the system. The
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derivations are based on Liapunov’s second method.? Many
theorems available in the literature on the stability of linear
constant-coefficient systems are particular cases of the five
stability theorems, two instability theorems, and ten cor-
ollaries presented here.

System Definition

The system is governed by a general multidimensional
second-order linear time-varying vector equation

M(t)q” +D(1)q’ + G()q' +K(t)g+A()g=0 (1)

where the primes denote differentiation with respect to time ¢,
the independent variable; ¢ is the (n X 1) state vector; M, D, K
are (nx n) real symmetric matrices whose elements are con-
tinuous functions of time on [0,) and differentiable; M is
positive definite; and G, A are (nxn) real skew-symmetric
matrices whose elements are continuous functions of time on
[0,00) and differentiable.

For mechanical systems, M generally denotes the inertia
matrix, D the damping matrix, G the gyroscopic matrix, K the
stiffness matrix, and A represents the circulatory forces.

To simplify the notation, we shall write Eq. (1) as

Mqg" +(D+G)g' + (K+A)g=0 2)
where the explicit time dependence of the elements of these
matrices is to be understood unless stated otherwise. Equation
(2) can also be written as

Mq” +Bq’ +Cq=0 A3)
where B and C are general matrices.
The above notation holds throughout this paper unless

otherwise stated. Throughout this paper, the inner product of
two vectors is denoted by :

(x:y) =xTy=ny1 +Xy,+.... +Xp, ¥,

Positive and negative definite matrices are denoted by

A>0 and A<0
respectively, whereas
Az=0and A<0

denote positive and negative semidefinite matrices,
respectively.
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Theorems on the Stability
of Linear Time-Varying Systems
Some of the theorems and corollaries on the stability of
linear time-varying systems derived during the present in-
vestigation are stated and proved in this section. The proofs
are. based on construction of an appropriate Liapunov
function®

Theorem 1. Systems governed by
Mg” +(D+G)q'+Kg=0 “
are stable if
K>0, M =<0

and

2MK-1(D+G)— (MK~'M)' =0 forall t€[0,») (5)

and asymptotically stable if

K>0, M’ <0

and
2MK-1(D+G)— (MK~'M)’ >0 forall te[0,) 6)
Proof. For the ‘system, define the Liapunov function as
Vé (g.Mq)+(q', MK~'Mq")

By definition, M is positive definite. Therefore, V is positive
definite if MK ~!M is positive definite. This can be simplified
if the following result is used*: ““If A is an (n X n) real sym-
metric matrix, then A is positive-definite if, and only if, BTAB
is positive definite for a nonsingular real (n X n) matrix B.”
Or, :

MK~ M>06K"'>06K>0
Hence V is positive definite if M>0and K> 0. Its derivative is
V' =2(q’, Mg)+ (g, M'q) +2(g', MK~'Mg")
+(q’,IMK~'M]’q’")
Substituting for Mg” from Eq. (2) and simplifying,
V= (@ -M'g) ‘
+(q',[2MK~"(D+G)— (MK~ 'M)"1q")

—V’ is positive semidefinite if the second and third condi-
tions of Eq. (5) are satisfied. Hence, by Liapunov’s stability
theorem,? Eq. (4) is stable.

For asymptotic stability, (— V") must be positive definite.
This is true if the second and third conditions of (6) are
satisfied. Hence, by Liapunov’s asymptotic stability
theorem,? Eq. (4) is asymptotically stable.

The preceding theorem is derived for a system with a sym-
metric stiffness matrix. As a corollary to this, the corres-
ponding theorem is derived for a system with a general stiff-
ness matrix.

Corollary 1.1. For systems governed by

Mgq” +Bgq’ +Cg=0 Q)
if there exists a symmetric positive-definite matrix S(¢) such
that SM—1C= (SM~C)7, then a set of sufficient conditions
for the stability of Eq. (7) is

SM-1C>0, §'=0 .
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and
28C-1B— (SC~'M)’ =0 for t€[0,00) ®)

and a set of sufficient conditions for the asymptotic stability
of Eq. (7) is

SM-1C>0, S§'<0

and
28C-'B— (SC~'M)’ >0 for all t€[0,) (&)

This is equivalent to the theorems derived in Ref. 2
Proof. The proof follows from writing Eq. (7) as

Sq” +SM~'Bq’ +SM~1Cq=0
Corollary 1.2. For the single-degree-of-freedom system
q” +dq’ +kg=0 (10)

where d and & are continuous functions of time on [0,%) and
differentiable, a set of sufficient conditions for the stability of -
Eq. (10) is

k>0
2dk+k’ =0 forall t€[0,0) an
Corollary 1.3. For the systems governed by
Mq” +Bq’'+Cg=0 ‘ (12)

where M, B, and C are (nXxn) real constant-coefficient
matrices, M is symmetric and positive definite, if there exists a
symmetric positive-definite, constant-coefficient matrix S,
such that S,M~!C= (S;M~1C)T7, then a set of sufficient con-
ditions for stability of Eq. (12) is’

SM-1C>0, S;C'B=0 13)

This agrees with theorem 6.1 of Ref. 5 which, in the present
notation, states: A circulatory system in the absence of
velocity-dependent forces is stable if, and only if, there exists a
symmetric and positive-definite matrix S, such that S,M~/C
is symmetric and positive definite. )

The above theorem and its corollaries involve the inversion
of the stiffness matrix. This can be cumbersome for high-
order systems. A theorem that avoids inversion is stated next,
which is applicable to a special class of systems in which the in-
ertia matrix is an identity matrix (i.e., M=1,).

Theorem 2. For systems governed by

q"+Bq' +Cg=0 (14)
if there exists a symmetric positive-defintie matrix S(#) such
that SC= (SC)T and C is nonsingular, then a set of sufficient
conditions for the stability of Eq. (14) is

SC>0, (CTSC)’' <0

and
28CB— (SC)’' =0 forall t€[0,) (15)

and a set of sufficient conditions for the asymptotic stability
of Eq. (14) is :

SC>0, (CTSC)' <0
and

28CB~— (SC)' >0 forall t€[0,) (16)
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Proof. The proof follows from' using the Liapunov
function

V=1(q, CTSCq)+ (q', SCq’)

Next, we state another theorem which avoids both matrix
inversion and multiplication for a class of systems.
Theorem 3. Systems governed by Eq. (4) are stable if

K>0, K’ =<0
and
2D—M’' =0 forall t€[0,] an
and asymptotically stable if
K>0, K’ <0
and
2D—M’ >0 forall t¢[0,) 8

Proof. The proof follows from using the Liapunov
function

V=1(q,Kq)+(q’, Mq’)

Corollary 3.1. For systems governed by Eq. (7), if there ex-
ists a symmetric positive-definite matrix S(¢) such that
SM~-1C=(SM~1C)7, then a set of sufficient conditions for
the stability of Eq. (7) is

SM-1C>0, (SM-1C)’ <0

and
2SM-1B—8' =0 forall t€[0,) 19

and a set of sufficient conditions for the asymptotic stability
of Eq. (7) is

SM-1C>0, (SM-1C)' <0

and
2SM—I'B—S' >0 forall t€[0,) Qo)
Proof, The proof follows from writing Eq. (7) as
Sq” +SM~'Bq’ +SM~1Cq=0

Corollary 3.2. For the single-degree-of-freedom system
[Eq. (10)], where d and k are continuous functions of time on
[0,90) and differentiable, a set of sufficient conditions for the
stability of Eq. (10) is

k>0, k’=<0
and
d=0 forall te[0,) 21

Note: For a single-degree-of-freedom system, according to
corollary 1.2, (2dk+k’) =0, whereas according to corollary
3.2, k' <0. If d=0, it may appear that the corollaries lead to
contradictory conditions, but if we keep in mind that
Liapunov’s second method provides us with only sufficient
conditions, these results are to be interpreted as providing two
different regions of stability in the parameter space.
Corollary 3.3. For systems governed by"

Mqg” + (D+G)q' +Kg=0 22)
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where M, D, G, K are (n X n) real constant-coefficient matrices
where M=M">0, D=D7, G=—-G7, K=K7, and q is the
(nx 1) state vector, a set of sufficient conditions for the
stability of Eq. (22) is

K>0, D=0 @)

This can be seen to be a particular case of the following

“well-known result®: Consider the equation

Ax” +2Bx’ +Cx=0, x(0)=C!, x'(0)=C?

If A, B, and C are positive semidefinite and either A or Cis
positive definite, then

det(N2A4+ 2B+ C) =0

has no roots with positive real parts. If A and C are positive
semidefinite and B is positive definite, then the only root with
zero real part is A=0.

This result also agrees with the first part of the Kelvin-Tait-
Chetayev (KTC) theorem’ which we state in the notation of
Ref. 5: An equilibrium position which is stable under purely
potential forces (nongyroscopic nondissipative system or the
system with D=G=0) remains stable with the addition of
gyroscopic and dissipative forces. Later in this paper a
theorem is derived which matches with the second part of the
KTC theorem.

Corollary 3.4. For systems governed by Eq. (12), where M,
B, and C are (nXn) real constant coefficient matrices and
M=MT>0, if there exists a symmetric positive-definite,
constant-coefficient matrix §; such that S,M~'C
= ($;M~1C)T, then a set of sufficient conditions for the
stability of Eq. (12) is

SM-1C>0, SM-IB=0 24)

In the absence of velocity-dependent forces, this theorem

again agrees with theorem 6.1 of Ref. 5 stated earlier.

Stability Theorems Using a New Approach

In the previous section, stability theorems are derived for
systems with symmetric or symmetrizable stiffness matrices.
Application of the theorems is straight forward for systems
with symmetric stiffness matrices, but is more involved for
general stiffness matrices ¢onsisting of symmetric and skew-
symmetric parts. The major difficulty in the application of the
theorem is in determining the matrix S. Presently, no pro-
cedure is available to generate the S matrix. As suggested by
Huseyin® for constant-coefficient systems, one may try a
diagonal matrix for S first. However, this may work only for a
few cases, and normally, one would have to resort to trial and
error. Construction of the S matrix therefore requires in-
genuity and labor. Some basic questions remain unanswered,
such as ,

1) If the system is stable, must an S matrix always exist?

2) Is the S matrix for a system unique?

In this section, stability theorems are formulated which do
not involve determination of the S matrix. It will be seen that
the penalty to be paid is investigating a (2r X 2n) matrix for
sign definiteness.

In theorem 3 for the system [Eq. (4)], we used the
Liapunov function

V=1{q, Kq)+(q’, Mq")

If the same Liapunov function were used for the general
system [Eq. (7)], V' would involve the term —2(q’, Aq) in
addition to the terms existing already. One is now faced with
the problem of determining the sign definiteness of the
bilinear form ~

Ux, y) = (x, Ax) +2(x, By) + (3, Cy)
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Towards this- end we now state and prove the following
lemma.
Lemma. The bilinear form

Ulx, y) = (x, Ax) +2(x, By) + (3, Cy)
is bositive definite if, and only if, the matrix
A B
[ BT C
is positive definite.
Proof. It may be verified that

A | B x
(x, Ax) +2(x, By) + (», Cy) = [xT1yT] [—H H
. BT C y ‘

Define a (2n % 1) vector
x

Z =
Yy

A| B
Ux,y) =27 z
BT | C

Then,

Hence U(x,y) is positive definite if, and only if
A B
BT | C

is positive definite.
At the time of writing this paper, the authors realized that
_this lemma had been used earlier in a not so explicit form by
Mingori® for proving stability theorems for constant-
coefficient systems with constraint damping. Therefore, the
technique used in this section is not really ‘‘new.”’
Theorem 4. Systems governed by Eq. (2) are stable if

K>0
[ (- | (MK-14)T ]
| (MK-14) | 2MK-1(D+G)~ (MK-M)" |

-2 0 forall t€[0,) 2%

and asymptotically stable if

k>0
[ (=M | (MK-14)T 7
| (MK-14) | 2MK-1(D+G)— (MK-1M)" |

>0 forall t€[0,) (26

Proof. Consider the same Liapunov function as in theorem
1, viz.,

V=(q,Mq)+(q', MK~ 'Mq’)
-V'=(q,-M'q)+2(q,[MK~1A4]17q")

+(q’, [2MK~1(D+G) — (MK~'M)"1q’)
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We get the stated conditions from the expressions for V and
V’ by applying the lemma.
Theorem 5. Systems governed by Eq. (2) are stable if

K>0
[(=K) | (=4) ] |
| =0 forall te[0,0) (27) .
[ (4) l (2D—-M')J

and asymptotically stable if

K>0

(KD | (=) ]
>0 forall t€[0,0) (28)

| @ | ep-m ]

Proof. The proof follows from using the Liapunov
function

V=(9,Kq)+(q’, Mg")

Instability Theorems
Theorem 6. Systems governed by

Mg” +Dq’ + (K+A)g=0 29)

are unstable if
D’ —2K—-M" >0 forall t€[0,) v (30)

Proof. Consider the function
V=1(q,[D-M'1q) +2(q,Mq’)
Note that V is a sign variable.

V'=(q,[D'-2K-M"]1q)+2(q’,Mq’)

where M>0. Hence V' >0 if Eq. (30) is satisfied, and using
Liapunov’s instability theorem,® we conclude that Eq. (29) is
unstable. )

Corollary 6.1. For systems governed by Eq. (3), if there ex-
ists a positive-definite symmetric matrix S, (#) whose elements
are continuous functions of time [0,0) and are twice dif-
ferentiable such that S,M~B= (S,M~!B)7, then a sufficient
condition for the instability of Eq. (3) is

(S,M~1B)’' —-2S,M~1C—S3>0 forall t€[0,%) (31

Proof. The proof follows writing Eq. (3) as
S,q” +S,M~!Bq’ +S,M~1Cq=0

Corollary 6.2 For the single-degree-of-freedom system

[Eq. (10)], where d and k are continuous functions of time on

[0,) and are differentiable, a sufficient condition for in-

stability of Eq. (10) is
d’—2k>0 forall t€[0,) (32)

Corollary 6.3. If M, B, and C are (nXxn) real constant-
coefficient matrices where M=M7 >0, q is the (nx 1) state
vector, if there exists a symmetric positive-definite matrix S,
such that S;M~1B= (S;M~!B)T, then a sufficient condition
for the instability of Eq. (12) is

S,M~1C<0 (33)

It may be noted that this result matches with the second part
of the KTC theorem. Using the notation of Ref. 5, this states:



SEPT.-OCT. 1985

An equilibrium position which is unstable under purely poten-
tial forces remains unstable with the addition of gyroscopic
and dissipative forces if the latter have complete dissipation.
" Theorem 7. Systems governed by Eq. (2), where the
elements of M are twice differentiable, are unstable if

[ 2 -2k-Mr | 0] |
: I_ - .G | 2MJ >0 forall t€[0,) (34)

Proof. We use the same function as in the theorem 6, viz.,
V=(q.1D—M"]q)+2(q, Mq")

V'=(q,[D'—2K-M"]q)+2(q,—Gq’')+(q’, 2Mq’)

- and we get Eq. (34) from |4 and V’ by using the lemma.

Example
As an illustration, the simple example of an extending pen-
dulum is taken up. -
Consider a simple pendulum of mass m and varying length
/(¢). Assuming small-angle motion, the equation of motion is

6” +2(e/)0’ + (g/l)0=0 (3'5)

where primes denote differentiation with remaining terms in
time, 6 is the angle of inclination, / the instantaneous length,
e=dl/dt, and g is the acceleration due to gravity.

We use corollary 1.2. Here, d=2(e/!) and k= (g/1).

k>0
or, g/I>0 is true provided /#0.
2dk+k’=0

or, (3ge/I?) =0 is true provided e=0 and /0.

It ‘may be concluded that if e=0 and /#0 for every
t€[0,00), then according to corollary-1.2, Eq. (35) represents a
stable motion. This includes the trivial case of e=0 (nonex-
tending pendulum) which is known to be stable. A check on
the nontrivial case of >0 is more difficult, and we provide
only a partial verification as follows.

"An approxrmate solution to this problem for constant ex-
tension rate is derived in Ref. 9 using the WKBJ method. The
solutlon of the form -

8=[C;cosy+C,siny]/(Pg)*

where C; and C, are congtants and y is a function of time.

It can . be easily shown that IC;cosy+ C,siny |
= IC, 1 + 1C,1, i.e., the numerator is bounded above. For a
constant extension rate, /—o as f—oo and, hence, 6—0 as
t— oo, The solution is reported to be valid whenéver

e/(lg)"<16/(3)%
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Hence, we have a verification in this range for a constant ex-
tension rate.

From the physics of the problem, it is clear that when e<0
the motion is unstable. Corollary 1.2 suggests that motion
could be unstable if e<0.

Conelusion
Seven theorems have been proved in this paper. The first of
these provides sufficient conditions for the stability of linear
time-varying systems with symmetric stiffness matrices. As a
corollary. to this, conditions for the stability of ‘Systems with
symmetrizable stiffness matrices are derived, in addition to

*  specializing the results for the single-degree-of-freedom and

constant-coefficient cases. For systems with inertia matrix
equal to identity, theorem 2 provides stability conditions
which do net involve inversion of matrices. Again, for systems
with symmetric stiffness matrices, theorem 3 prov1des ex-
tremely simple conditions which do not involve matrix inver-
sion or multiplication. Application of theorems 1-3 is
stralghtforward for systems with symmetric stiffness matrices
but is much more involved for systems with general stiffness
matrices. One has to find a positive-definite symmetric matrix
S which can symmetrize the stiffness matrix. This may not be
easy. We proceed to avoid the necessity of finding the S matrix
by proving a lemma which is later used to derive stability
theorems 4 and 5 for systems with general stiffness matrices.
Finally, two 1nstab111ty theorems and their three corollarles are
derived.

Unlike many stability theorems which involve determina- .
tion of the characteristic equations and their roots, or
transformation to a system of first-order equations (thereby
often losing sight of the physical parameters of the system),
the theorems presented here yield conditions directly on the
physical parameters of the system. This’ should prove very
helpful to the analysts and designers deahng with multidimen-
sional systems with trme-varymg and constant -parameter
systems
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